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We predict three measurable free energy related signatures of the condensed excitons in DQWs 
and propose experiments for their measurements. The first two are related to the static as well as 
dynamical measurements of the attractive critical Casimir force in the DQW geometry arising due 
to the presence of a sharp phase boundary defined by the critical coupling constant (i.e. the layer 
separation) , the temperature, the exciton number and the electron-hole number imbalance. We also 
propose, in a somewhat similar geometry, a third experiment that distinguishes electrostatically 
the dependence of the free energy on the exciton concentration between a free exciton gas and an 
exciton condensate. The proposed experiments are regarded as highly conclusive on the presence 
of the exciton condensate, with a result irrespective from the relative strengths of the dark/bright 
components, a clear diffculty in understanding the nature of the condensed excitonic ground state. 
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In the late 40's Casimir predicted the presence of an 
unusual attractive force between two uncharged metal- 
lic plates held in vacuumpQ. The Casimir force (CF) 
is a pure quantum mechanical effect manifested by the 
vacuum fluctuations of the electromagnetic field in the 
presence of metallic boundaries. The CF is attractive 
between the two infinite metallic plates and the force per 
unit area (the Casimir pressure) is given by P c = J- c /A = 
— tt 2 Tic/ (240 D 4 ) where A is the area of the plates and 
D is the separation between them. For typical values 
A ~ l^m 2 and D ~ 1001, T c ~ -1.3 x l(T 7 iV. The 
earliest successful measurements of the CF date back to 
ten years ago where a perfect agreement with the theory 
was achieved. PJ. 

One way to derive the CF is to calculate the differ- 
ence between the vacuum free energies of a system with 
and without the boundaries. On the other hand, the 
idea of the vacuum fluctuations can be extended to a 
more general context including for instance, in confined 
geometries, the collective behaviour in the many parti- 
cle macroscopically coherent ground states at low tem- 
peratures when the free energy becomes a function of 
the geometry. Here the macroscopically ordered ground 
state replaces the role of the vacuum. The role of the 
fluctuations around the vacuum are then played by the 
fluctuations around the critical point where a phase tran- 
sition from the normal to macroscopically ordered ground 
state occurs. Therefore it is expected that some statisti- 
cal mechanical systems at the boundary of a phase tran- 
sition (critical region) also exhibit a similar effect, i.e. the 
critical Casimir force (CCF). Indeed, the CCF has been 
predicted [3] for binary liquid mixtures and measured [1]. 
The CCF, was also theoretically predicted for a BEC[5 
but experimentally has not been yet observed. On the 
other hand, the Casimir-Polder force between a BEC and 
a semiconductor plane has been observed [B]. 

In the two dimensional coupled electron-hole systems 



confined to separate quantum wells with a layer separa- 
tion on the order of an exciton Bohr radius as , excitons 
are expected to condense, below a T c , into a phase coher- 
ent ground state. The free energy of the exciton conden- 
sate (EC) is a function of the pairing strength driven by 
the Coulomb interaction and, in contrast to the other sta- 
tistical systems discussed above, the interaction strength 
is an exponential function of the layer separation D given 
by V eh (q) = ~{2ite 2 /eq)e- qD . Here q = |q| is the ex- 
change momentum between the electrons and the holes 
and e is the dielectric constant of the medium. In these 
systems, the condensate's order parameter, hence the free 
energy, is a sharp function of the layer separation in the 
vicinity of the phase boundary between the normal ex- 
citon gas and the EC. [7] The Casimir-like force that we 
theoretically predict in the excitonic DQWs is a new type 
of a Casimir effect which emerges at the phase boundary 
but is also strong deep inside the condensed phase. 

In ECs one has a large number of controllable pa- 
rameters like the total number of condensed excitons 
n x , the electron-hole imbalance n_, the layer separation 
D and the temperature T. The sharp phase bound- 
ary, separating the normal exciton gas from the EC, 
is defined by the critical parameters n^\nf\ and 
T c , which can be expressed by a critical manifold T c = 
g(D^ c \n^\ni ) ). It was predicted that 7J, in EC the 
phase boundary is present even at zero temperatures, i.e. 
g(D( c \rix ; , nf^) — where the free energy has a sharp 
second order phase transition across the critical manifold. 

In our earlier numerical calculations based on the 
Hartree-Fock self consistent mean field approach]?] we 
observed this sharp phase boundary with a discontinu- 
ous derivative of the free energy with respect to D at the 
critical manifold. In this letter, we propose an analytical 
explanation for this effect. We also predict an order of 
magnitude of the CCF with its dependence on the critical 
parameters. 
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The phase boundary is determined by the condensate's 
free energy given by Afl = il con — Qn < 0, where fl con 
are the total free energies in the condensed and the 
normal phase respectively. In this system we observe 
three types of dependence on D. The trivial dependence 
on D arises from the renormalized single particle ener- 
gies that depend on the layer separation through multiple 
Coulomb processes between the electrons and the holes. 
The second is the critical fluctuations of the condensate 
around its mean value at T c . The third dependence on 
D arises from the condensate's gap A = (A 2 D + A 2 ^) 1 / 2 
where Ab and As are the dark and the bright com- 
ponents of the order parameter [7J |8]. In this letter, we 
use the mean-held self consistent Hartree-Fock scheme at 
zero temperature which ignores the first two smooth de- 
pendences on D in comparison with the stronger electron- 
electron and hole-hole interactions. The total CCF than 
arises from the dependence of the condensation free en- 
ergy An on A and is given by 
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including all dependences on A. Here the free energy 
ft = -k B T \nTr{exp(-(3(H - fiN)} is given up to a 
constant term by 
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Here a = (+, — ) are the spin states, A(k) is a 2 x 
2 matrix order parameter describing the spin depen- 
dent condensate [5] including the dark and the bright 
components^] with Tr{AA^} = |A ctct ,| 2 , /„ = 
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parameterized by the electron and the hole band masses 
m e ,m^ and the chemical potentials /z e ,/ih,, and _E k — 
[e 2 + Tr {A At }/2] 1 /2 whe re e k = (^ e) + £ k ' l) )/2. In 
what follows, we ignore the effect of the self energies 
, , assume that the electron and the hole masses 
are equal, whereas allow an imbalance between their 
concentrations [TO] . We have then, ' = — where 

M- = (Me - M/i)/ 2 - 

At zero temperature, the order parameter is the solu- 
tion of a self consistent equation given by 

Tre 2 f dq e- qD 
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Here F^~\E k ) = Q(-e ( k ) - E k ) - 9(-4 _) + E k ). 
The self consistent scheme is completed with the con- 
straints on the exciton number n x and the electron-hole 



imbalance n_ yielding the exciton chemical potential 

Mm = (Me + Mh)/ 2 and M-- 

Analytic calculations here are more demanding than 
those in the constant interaction models in atomic con- 
densates by the presence of the momentum dependent 
interaction 14h(q). One therefore resorts to numerical 
calculations requiring the self-consistent solution of the 
order parameter together with the constraints on the con- 
served number of particles. However, in certain regions in 
the momentum space one can understand the behaviour 
of the system analytically by using proper approxima- 
tions which can restore the behaviour of the numerical 
solution around the phase boundary. In the large D limit, 
the strongest contribution in Eq. ^ comes in the region 
q ~ 0. Expanding G k+q upto second order in q, i.e. 
G k+q ~ G k + V k G k .q + G£q 2 /2 where G^ is the second 
derivative with respect to k x (or equivalcntly to k y ) at 
k = and examining Eq. ^ in the vicinity of k = by 
a similar parabolic approximation for A k where the first 
order terms in both expansions are not present due to the 
angular symmetry, we have a self consistency condition 
for A and Aq = A^| k=0 given by 
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We notice that Eq. |5]) is easy to solve at the zero tem- 
perature since 
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The first case in Eq. Q is allowed when there is a high 
electron hole imbalance, indicated by a sufficiently large 
For such large /i_ there is no non-zero solution for 
Afe in the limit fc — > 0. If /i_ is zero or weak, a nonzero 
solution is allowed in the lower case which is independent 
of /i_ . Under these assumptions Ao is found to be 

Ao = \jEl-p 2 (7) 

with Ag as given by Eq. |5]). As a result of this parabolic 
expansion, we have that 
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We can also find approximate analytical relations for the 
exciton chemical potential fi x and the relative chemical 
potential /i_ using the conservation of the electron n e 
and the hole rih charges with n x = (n e + n/ l )/2 and n_ = 
n e - n h , 

^ = ^E{d + f )(2 + ./ CT ) + (l-f )(2 -„/,)} 
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We find that, for /i_ <C E , 
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where T = m x /(27rh 2 ) is the two-dimensional density of 
states with m x = (m^ 1 + m^ 1 ) -1 is the exciton reduced 
mass. Eq.'s ( |10[ ) yield the chemical potentials fi-(n x , n_) 
and /i x (n x ,n_), and inserting these into Eq.(j7| we find 
Aq(Eq, n x , n_) where -Eo oc l/£>. The result of this sim- 
ple analytical approximation for A , \i x as a function of 
n_ , n x and Z? as well as the sharp phase boundary de- 
fined by the onset of Ao = captures the main features 
of the numerical calculations in [7] for |n_| -C Ji^. 

This analytical approach also helps understanding the 
dependence of the critical Casimir force on Eo,n x , n_ 
and D. We can use Eq/sQ and ( |To| to estimate the 
condensation energy AS1 in Eq. |2]) on the phase bound- 
ary. Since there is a weak dependence on n_ , we consider 
n_ = and hence /i_ = in our estimate. Calculating 
Eq. ([2]) for this case, we find the simple result 
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where fiQ = n x /2T is the chemical potential at the phase 
boundary given by A = 0. Using Eq.'s([7]) and (10) in 
(111 and calculating Eq.|l]) we find that at the phase 
boundary, the CCF is given by, 
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where A is the sample area and D c is the critical layer 
separation at the phase boundary. The latter can be 
found from Eq. Q for A = as D c = e 2 T/(en x ). For a 
sample size of A ~ 10 3 /im 2 and a typical concentration of 
n x ~ 10 u cm~ 2 , we find that Tc ^ 10~ 9 iV. This analyt- 
ical result is more reliable then our previous calculation 
[7] due to the fact that, the uncertainty in the numerical 
derivative can be very large at the phase boundary. 

Due to the dielectric between the quantum wells, the 
direct measurement of Tc is much more challenging 
than measuring the electromagnetic CF between the two 
metallic plates separated by vacuum. To overcome this, 
we propose the experimental set-up in Fig. ([I]) based on 
detecting the CCF induced motion of a micro cantilever. 
By means of modulating n x when the other parameters, 
i.e. n_, D, are fixed, the T c serves as a driving force 
for exciting static displacement as well as dynamical os- 
cillations of the cantilever. Such mechanical oscillators 
can be made with high quality factors which have been 
successfully tested in MEMS recently. 

For the static experiment, the actuation of T c is to de- 
form tetragonally the lattice around the EC within the 




FIG. 1. (Color online) The proposed geometry for the static 
and dynamical measurements of the CCF when the DQW 
is grown (a) above, and (b) below the neutral plane of the 
cantilever. 

DQW. If the DQW is located asymmetrically in the beam 
with respect to the neutral plane, this will lead to bend- 
ing of the beam in accordance with Fig.Q. A laser beam 
and an optical set-up to generate a specular reflection 
is placed on the bended structure in order to measure 
the deflection angle A0 as a function of n x which can 
be controlled externally. Note that from Eq.(12| and 
the expression for D c , AO (x n x and any sharp de- 
pendence of the exciton concentration is attributed to 
the sharp change in the CCF. Using classical theory of 
beam bending under stress [15]. we find that the angu- 
lar deflection is given by A9 ~ L 2 Tc/(l2EI) where 
L y ~ 100/im, L x ~ lOfim as indicated in Fig.(l), E is 
the Young's modulus and I ~ L y W 3 /3 is the second area 
moment of the curved structure with W = O.Sfim being 
the thickness of the cantilever. Using E ~ 80GPa in 
GaAs type materials, and for F c ~ 10 -9 7V, we find that 
A9 ~ 3 x 10~ 4 rad which is possible to detect. [13] Alter- 
natively, it is possible to detect the J- c driven mechan- 
ical oscillations of the cantilever. A typical cantilever 
oscillator [12] can be driven with a power consumption 
P = m ef fillAz 2 ms /Q ~ 2 x 10~ 15 J/s where Az rms is 
the rms vibrational amplitude, m e tf ~ 10 _10 fc<7 is the 
effective mass of the cantilever, f2o/(27r) ~ 20kHz is the 
resonance frequency, and Q ~ 2.5 x 10 5 is the quality 
factor of the resonator. In the Fig. ([T]) geometry at reso- 
nance, this leads to Az rrns ~ 50nm which is detectable. 

We now propose a third method to directly probe the 
condensate's free energy by an electrostatic measurement 
as shown in FigQ. In experiments, it is necessary to 
suppress the tunneling and the recombination of the elec- 
trons with the holes in the DQW structure. This is done 
by an E-field strength along the z-axis which is created 
by the potential difference Vab- Experimentally, once 
the condensate is formed within the DQWs on the order 
of a few tens of ns, a potential difference Vcd is boosted 
up to generate the critical E-field strength E c along the 
x-direction. The E c is found by 
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which can be estimated using Eq.(ll). We plot E c in 
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FIG. 2. (Color online) The (AlGa)As DQW grown (thick 
red lines) with the undoped GaAs (as the dielectric tunnel- 
ing barrier) is sandwiched between metallic-like plates formed 
by the semitransparent top gate A and the n + GaAs bottom 
layer with Ohmic Au-terminal B. The E-field along the z- 
axis is provided by a bias potential Vab- Along the lateral x 
direction the critical field E c to break up the condensate is 
provided by the potential Vcd between the ohmic gold ter- 
minals C and D fabricated by lithographic recess process. 
The thickness t underneath the recess trench should be large 
enough to enable Ohmic contact formation without significant 
leakage between the lateral and vertical terminals. 

Fig. Q as a function of n x . In the same figure, the 
second plot refers to the critical E-field strength for the 
excitonic gas, in which the incoherent pairs are formed 
with the free energy given by Afli nc = —E\,n x where 
Eb — 6meV is the binding energy of a single exciton. 
For n x ~ 10 10 cm~ 2 and D ~ ag we find for the con- 
densed case E c ~ 40 — 50kV/cm compared to AkV/cm 
that is required to break the incoherent pairs if they were 
not condensed. The current that is produced by break- 
ing the EC or by breaking the incoherent excitons is read 
through the CD contacts. To expect a difference between 
the two cases, the calibration for the current is necessary 
which can be done by doing the experiment first above 
the critical temperature. In case of an EC the current 
produced should be a short and strong pulse, whereas 
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FIG. 3. (Color online) The E c [scaled by (2e /ea%) 1/2 ], with 
eo = e 2 /(2eas), versus n x [scaled by l/a%]. The plot (a) 
refers to the condensate and (b) is for the incoherent exciton 
gas. (The figure is generated for D = as — lOOA and n_ = 
0.) 



in the case of an incoherent exciton gas, it is expected 
to be weaker, speading longer in time. The critical field 
strength E c can be read at the onset of the current. 

The experiments proposed here, due to their indiscrim- 
ination between the dark and the bright components, are 
complementary to the existing experiments in the litera- 
ture. Due to the explicit dependence of the pairing inter- 
action on the layer separation, the DQW EC is a natural 
candidate for the CCF experiments, which can be the 
first observation of the CCF in a low temperature con- 
densate. 
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